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ON EXISTENCE OF GENERIC CUSP FORMS ON SEMISIMPLE 

ALGEBRAIC GROUPS 


ALLEN MOY AND GORAN MUIC 

Abstract. In this paper we discuss the existence of certain classes of cuspidal automor- 
phic representations having non-zero Fourier coefficients for general semisimple algebraic 
group G defined over a number field k such that its Archimedean group Goo is not compact. 
When G is quasi-split over fc, we obtain a result on existence of generic cuspidal automor- 
phic representations which generalize a result of Vigneras, Henniart, and Shahidi. We also 
discuss the existence of cuspidal automorphic forms with non-zero Fourier coefficients for 
congruence of subgroups of Goo- 


1. Introduction 

Possibly degenerate Fourier coefficients of automorphic cuspidal forms are important for 
the theory of automorphic L-functions ([28], [10], [29],[15]). Recent classification of discrete 
global spectrum for classical groups due to Arthur [T] can not be used directly to study Fourier 
coefficients of cuspidal automorphic forms. The goal of the present paper is to adjust methods 
of compactly supported Poincare series as developed in [22] in order to show existence of 
various types of cuspidal automorphic forms with non-zero Fourier coefficients for a general 
semisimple algebraic group G over a number held k. We warn the reader that compactly 
supported Poincare series are of a quite different nature than more classical Poincare series 
considered in i, 13, 0 where the Archimedean group Goo must poses representations in 
discrete series (see the recent works that treat that kinds of series mi. izDi. EH. ra, mi). 

Now, we explain the results of the present paper. We let G be a semisimple algebraic 
group dehned over a number held k. We write Vf (resp., Uo) for the set of hnite (resp., 
Archimedean) places. For n G U := Uo k) Vf, we write ky for the completion of k at v. If 
V G Vf, we let Oy denote the ring of integers of ky. Let A be the ring of adeles of k. For 
almost all places of fc, G is a group scheme over Oy, and G{Oy) is a hyperspecial maximal 
compact subgroup of G{ky) ([31], 3.9.1); we say G is unramihed over ky. The group of adelic 
points G(A) = is a restricted product over all places of k of the groups G{ky). 

The group G(A) is a locally compact group and G{k) is embedded diagonally as a discrete 
subgroup. The group Goo - n^GVoo is a semisimple Lie group with hnite center but 

possibly disconnected. We assume that Goo is not compact. We denote by L^„^p(G(A;)\G(A)) 
a unitary representation of G(A) on the space of all cuspidal L^-functions on G(A;)\G(A) (see 
Section [21 for details). It decomposes into a direct sum of irreducible unitary representations 
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of G'(A) called cuspidal automorphic representations. As opposed to [21] where we deal with 
underlying Frechet spaces, in this paper we mostly deal with spaces. 

Let t/ be a unipotent fc-subgroup of G. Let V’ ^ U{k)\ U{A) —> be a (unitary) 
character. We warn the reader that V’ might be trivial. In Section |3] we dehne a {ip, U)- 
Fourier coefficient of (p G L‘^{G{k) \ G{A)) by the integral 

(1-1) J^(^,p^u){^){9) = / ip{ug)i/j{u)du 

Ju{k)\U{A) 

which converges almost everywhere for g G G{A). We say that (p is ('0, f/)-generic if 
J^(il),u){^) 7 ^ 0 (a.e.) for g E G. According to [27|, if G is quasi-split over k, U is the 
unipotent radical of a Borel subgroup of G dehned over fc,and ip is non-degenerate in ap¬ 
propriate sense, then we use the term -^-generic instead of {ip, 17)-generic. We refer to this 
settings as ordinary generic case. 

In Section [3] we adjust the arguments of ([22], Section 4, Theorem 4.2) to construct com¬ 
pactly supported Poincare series with non-zero {ip, 17)-Fourier coefficients. We give some 
details. As an input we have a hnite set of places S, containing lAo, large enough such that 
G, U, and ip are unramihed for v ^ S, and for each n G V/ we have fy G Gp°{G{ky)) and an 
open compact subgroup Ly C G{ky) satisfying the following conditions: 

(I-a) /^(l) 7 ^ 0, for all v G Vf, 

(I-b) fy = Ig{o,) and Ly = G{Oy) for all v ^ S, 

(I-c) for n G S' - Wo, we have fy{uy)ipy{uy)duy 7 ^ 0, 

(I-d) and, for each v E S — Wo, we require that fy is right-invariant under Ly. 

Then, as an output, we hnd foo G G'^{Goo) such that if we let f = foo®v ^VffveG^{G{A)), 
then the compactly supported Poincare series 

(1-2) A/)(9)= E /(79), 9eG(A), 

'r£G{k) 

satishes 

(I-i) J^(^,jj^u){P{f)){l) 7 ^ 0. In particular, P{f) is a non-zero element of L‘^{G{k) \ G{A))^, 
where the open compact subgroup L is dehned by L = and P{f) is {ip, U)- 

generic. 

(I-ii) P(/)|c. 7 ^ 0 and is an element of L^(Fl \ Goo) where P^ is a congruence subgroup 
which corresponds to L from (i) (see fl2-2p j. 

/r^nc/.o\c/^ P{f){uoo)'ipoo{uoo)duoo 7 ^ 0 , where = ]\y^v^U{ky). 

The reader may observe that among conditions (I-a)-(I-d), only the conditions (I-c) and 
(I-d) are delicate. First, we explain how to assure (I-c) and what are the consequences of 
(I-i). Later we explain how to deal with (I-d) and what are the consequences of (I-ii) and 
(I-iii). 

In Section m we hx n G Vf and consider local (W, G(W))^generic representations. Us¬ 
ing Bernstein theory [5], we show how to construct functions fy satisfying the conditions 
(I-c) while at the same time we control the smooth module generated by fy under right 
translations. Lemma 14-61 contains the result regarding the relation between non-vanishing 
of Fourier coefficients and theory of Bernstein classes (it generalizes ([22], Lemma 5.2)). We 
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end Section m with a result (see Theorem l4-9p regarding the decomposition of algebraic com¬ 
pactly induced representation c — Ind^|^”|('^^) (its smooth contragredient is Ind^|^”j(i/)^)) 
according to Bernstein classes in ordinary generic case (see above). It uses global methods 
of Section [5] which in turn rely on above construction of Poncare series in a special case. 

In Section |5l we prove the main global results. Before describe them we introduce some 
notation. In Sectional we dehne notion of a ('^, t/)-generic G'(A)-irreducible closed subspace 
of L'luspi^i^) \ follows. First, we dehne a closed subrepresentation 

cnsp,(y, U)-degenerate (^(^) \^('^)) e Ll^sp{G{k) \ G(A)); if is not (V’, 17)-generic} . 

Then, an irreducible closed subrepresentation if of \ G(A)) is {'ll:, 17)-generic if 

^ ^cusp, (p, C/)-degenerate(^(^) \ f^(A)). 

The reader might be surprised with this dehnition but passing to iP-hnite vectors Hk {K is 
a maximal compact subgroup of G{A)) we obtain usual dehnition [2^. In particular, if we 
decompose Hk info restricted tensor product of local representations Hk = 'n'cxi^veVf then 
all local representations vr^ {v G Vf) are {'ipy, f/(/ct,))-generic in usual sense (see Lemma 15^ . 
Introducing the notion of {'ijj, 17)-generic representation in this way, makes possible to detect 
the existence of {'ip, 17)-generic representations contributing to the spectral decomposition of 
Poincare series P{f) (dehned by fll-2p L 

We remark here, and this crucial for considerations of Section El that by combining local 
results of Section 0] with ([22], Proposition 5.3) we may control local components in (I-c) 
not only to assure that the Poincare series P{f) has a non-zero Fourier coefficient (see (I-i) 
above) but also that P{f) G \ G{A)). Finally, after all of these preparations, the 

main result of the present paper is the following theorem (see Theorem l5-9p : 

Theorem 1-3. Assume that G is a semisimple algebraic group defined over a number field 
k. Let U be a unipotent k-subgroup. Let tp : U{k) \ 17(A) —)■ be a (unitary) character. 
Let S be a finite set of places, containing 14o, large enough such that G and pj are unramified 
for V ^ S (in particular, fiy is trivial on U{Oy)). For each finite place n G S', let Tly 
be a {'ipy,U{ky)) -generic Bernstein’s class (i.e., there is a {fiy,U{ky)) -generic irreducible 
representation which belongs to that class; see Definition \P-l\) such that the following holds: 
if P is a k-parabolic subgroup of G such that a Levi subgroup of P{ky) contains a conjugate 
of a Levi subgroup defining ‘ALiy for all finite v in S, then P = G. Then, there exists an 
irreducible subspace in L^,^,,p(G(fc) \ G{A)) which is {gp,U) -generic such that its K-finite 
vectors tToo ®v&Vf t^v satisfy the following: 

(i) Tiy is unramified for v ^ S. 

(ii) TTy belongs to the class for all finite n G S'. 

(hi) Tiy is pipy, Lf{ky))-generic for all finite v. 


In ordinary generic case, the local results of Rodier ([25], [2B]) are used to reformulate the 
requirement that the classes DJly are ("0^, 17(fc^))-generic in its standard form (see Lemma 
14-811 . In this particular case, the theorem is a vast generalization of similar results of Hen- 
niart, Shahidi, and Vigneras ([I3], [30], [28], Proposition 5.1) about existence of cuspidal 
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automorphic representations with supercuspidal local components. (See Corollary 15-101 for 
details.) This is because our assumption 

If P is a k-parabolic subgroup of G such that a Levi subgroup of P{k^) contains a conjugate 
of a Levi subgroup defining HHy for all finite v in S, then P = G. 

is satished if one of the classes is supercuspidal. In general, none of the classes needs to be 
supercuspidal (see [22] for examples). 

Final remark regarding the theorem is about the case in which U is the unipotent radical 
of a proper fc-parabolic subgroup of G, and is trivial. In this case, the assumptions of 
the theorem taken together do not hold (see the text after Lemma 15-21 for explanation). 
Therefore, the theorem can not be applied to this case. Of course, this is expected since 
constant terms along proper fc-parabolic subgroups of cuspidal automorphic forms vanish 
(they are Fourier coefficients in this particular case). 

In Section [6] we deal with (I-d). For n G S' — 14o, we construct very specihc matrix 
coefficients fy of generic local supercuspidal representations of G{ky) and open compact 
subgroups Ly C G{ky) such that (I-c) and (I-d) hold (see Proposition 16-11|) . We use the 
results of ([S], [T9]L In Theorem 17-31 of Section [7] we use these results along with the 
methods of la to prove the existence of certain (-^oo, f^oo)^generic cuspidal automorphic 
representations on l \ Goo)- We use (I-ii) and (I-hi). 

The second named author would like to thank the Hong Kong University of Science and 
Technology for their hospitality during his visit in May of 2014 when the hrst draft of the 
paper was written. The second named author would also like to thank the University of 
Utah for their hospitality during his visit in May of 2015 when the hnal version of the paper 
was written. 


2. Preliminaries 

We let G be a semisimple algebraic group dehned over a number held k. We write Vf 
(resp., Uoo) for the set of hnite (resp., Archimedean) places. For n G U := IGo U V/, we write 
ky for the completion of k at v. If n G U/, we let Oy denote the ring of integers of ky. Let A 
be the ring of adeles of k. For almost all places of k, G is a group scheme over Oy, and G{Oy) 
is a hyperspecial maximal compact subgroup of G{ky) ([3T|, 3.9.1); we say G is unramihed 
over ky. The group of adelic points G(A) = Y^yG{ky) is a restricted product over all places 
of k of the groups G{ky)\ g = {gy)y^v ^ G(A) if and only if gy G G{Oy) for almost all v. 
G(A) is a locally compact group and G{k) is embedded diagonally as a discrete subgroup of 
G(A). 

For a hnite subset S gV, we let 

Gs = llG{ky). 
ves 

In addition, if S contains all Archimedean places 14o, we let G^ = Then 

(2-1) G(A) = Gs X G®. 

We let Goc = Gv^ and G(A/) = G'^-. 
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Let S' C be a finite set of places containing Voo such that G is unramified over ky. For 
each V E Vf we select an open-compact subgroup Ly such that Ly = G(Oy) for all v ^ S. 
We define an open compact subgroup L C G{Af) as follows: 


L = 


n 

v£Vf 


We consider G{k) embedded diagonally in G^ and define 

rs= (nG'(a)) nG{k). 

\v^S J 

This can be considered as a subgroup of Gs using the diagonal embedding of G{k) into 
the product fl2-ip and then the projection to the first component. Since G{k) is a discrete 
subgroup of G(A), it follows that Fs is a discrete subgroup of Gs- In particular for S = Voo, 
considering G{k) embedded diagonally in G{Af), we define 

( 2 - 2 ) TL = LnG{k), 

where L is any open-compact subgroup of G{Af). We obtain a discrete subgroup of Goo 
called a congruence subgroup. 

The topological space G{k) \ G{A) has a finite volume G(A)-invariant measure: 


(2-3) / P(f)(g)dg‘Si / !(g)dg, f € C^(G(A)), 

JG{k)\G{A) Jg{A) 

where the adelic compactly supported Poincare series P{f) is defined as follows: 

(2-4) U/)(S)= /(7 • 9) e ^“(G)^) \ G(A)). 

7GG(fc) 

We remark that the space G^{G{k) \ G{A)) is a subspace of C'°°(G'(A)) consisting of all 
functions which are G(fc)-invariant on the left and which are compactly supported modulo 
G{k). 

The measure introduced in fl2-3p enables us to introduce the Hilbert space L‘^{G{k)\G{A)), 
where the inner product is the usual Petersson inner product 


(v?, V”) = / ^{9)^{9)dg. 

JG{k)\G{A) 

It is a unitary representation of G{A) under right translations. Next, we define a closed 
subrepresentation Ll^^^^Gik) \ G(A)) consisting of all cuspidal functions. We recall the 
definition of Ll^gp{G{k) \ G{A)) and its basic properties. 

Since G{k) \ G(A) has a finite volume, Holder inequality implies that L‘^{G{k) \ G'(A)) is 
a subset of L^{G{k) \ G{A)). Every function ip e L^{G{k) \ G{A)) is locally integrable on 
G(A). This means that for every compact set G C G{A) we have \ip{g)\dg < oo. Next, 
if H is a fc-unipotent subgroup of G, then U{k) \ U{A) is compact. Thus, there exists a 
compact neighborhood D of identity of U{A) such that U{A) = U{k)D. Then, for every 
compact set G C G{A) we have 
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W{9)\d9 = 


'C 


'U{A)\U{A)C \ Ju{k)\U{A) 


\^iug)\ lci-fug)du dg 


■yGUik) 


> 


IU{A)\U{A)C \JU{k)\U{A) 


\^p{ug)\du dg. 


Letting C vary, this implies 


/ \g:){ug)\du < oo, (a.e.) for G G(A). 

Ju{k)\U{A) 

If P is a fc-parabolic subgroups of G, then we denote by Pp the unipotent radical of P. For 
(p G L^{G{k) \ G(A)), the constant term is a function 

ipp{g) = / ip{ug)du 

JUp(k)\Up{A) 

dehned almost everywhere on G(A). We say that (p is a cuspidal function if (pp = 0 almost 
everywhere on G(A) for all proper fc-parabolic subgroups of G. Later in the paper we need 
compactly supported Poincare series which are cuspidal functions. Their construction is a 
rather delicate. Using theory of Bernstein classes |3] and smooth representation theory of 
p-adic groups we describe fairly general construction of such functions in (|22], Proposition 
5.3). We use this construction later in the proofs of our main results. A different construction 
of such functions which are spherical has been done by Lindenstrauss and Venkatesh [T6] . 
They rely on Satake isomorphism. 

We continue with the description of \ G(A)). The space \ G(A)) 

consists of all cuspidal functions in L‘^{G{k) \ G{A)). Obviously, it is G(A)-invariant. It is 
closed since it is exactly the subspace of L‘^{G{k)\G{A)) orthogonal to all pseudo-Eisenstein 
series 

E{v,P){g)= Y g^G{A), 

Up{k)\G{k) 

where P ranges over all proper fc-parabolic subgroups of G, and rj G Gc{Up{A) \G(A)). This 
follows immediately from the following integration formula: 

(p, E{t],P))= / ipp{g)T]{g)dg. 

JUp{A)\G{A) 

We remark that since Up{k) \ Up{A) is compact, we have that rj is compactly supported 
modulo U{k). Consequently, we have E{ri,P) G L‘^{G{k) \ G(A)). 

We have the following result from the representation theory: 

Theorem 2-5. The space Ll.^gp{G{k) \ G(A)) can be decomposed into a direct sum of irre¬ 
ducible unitary representations of G{A) each occurring with a finite multiplicity. 
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3. Fourier Coefeicients and Non-vanishing oe Poincare Series 

We begin the section with the following standard dehnition (see 1271, Section 3 for generic 
case). Let f/ be a unipotent /c-subgroup of G. Let -0 : U{k)\ U{A) —> be a (unitary) 
character. We warn the reader that ip might be trivial. As with the constant term recalled 
in Section [21 for ip e LF‘{G{k) \ G(A)), the integral 

(3-1) J'(^,t;)(V7)(^) = / Lp{ug)il){u)du 

Ju(k)\U{K) 

converges almost everywhere for g G G(A). We say that ip is (0, f/)-generic if 7^ 0 

(a.e.) for g G G{A). 

It follows from 03-11) that 

(3-2) T^^^u){^){ug) = ipiu)J^^^^u){y^){9), u eU{A), {a.e.) for g e G{A). 

The space dehned by 

[/Regenerate (G'(^) \ ^'(A)) = {<^ G L^{G{k) \ G'(A)); (p is uot (0, f/)-generic} . 

is closed and G(A)-invariant. The later is obvious, while the former follows as in Section [2] 
where we discussed L^„gp(G(/c) \ G'(A)). Indeed, we let 

(3-3) E{g){g) = ^ viig), g e G(A), 

U{k)\G{k) 

where g G G°°{G{A)) satishes the following conditions: 

• V{ug) = ip{u)g{g), u G f/(A), g G G(A), 

• there exists a compact subset G C G{A) (depending on g) such that supp(r 7 ) C 
U{A) ■ G. 

Since U{k) \ U{A) is compact, we have that g is compactly supported modulo U{k). Conse¬ 
quently, we have E{g) G LP‘{G{k) \ G{A)). Finally, ip is not {ip, 17)-generic if and only if it 
is orthogonal to all E{g). This follows immediately from the following integration formula: 

(3-4) {(p,E{g))=[ E(^i,,u){^){9)r]{g)dg 

JU{A)\G{A) 

whose simple proof we leave as an exercise to the reader. 

After these preliminary claims, we turn our attention to construction of compactly sup¬ 
ported Poincare series having non-zero {ip, f/)-Fourier coefficients. We need them in Sections 
E] and [7| for the proof of our main results. 

Lemma 3-5. Let G be a semisimple group defined over k. Let U be a unipotent k-subgroup. 
Let Ip : U{k) \ U{A) —> be a (unitary) character. Let S be a finite set of places, 

containing Voo, large enough such that G, U, and ip are unramified for v ^ S (in particular, 
ipv is trivial on U{Ofi)). Assume that for each v EVf we have f^ G Gp°{G{kv)) and an open 
compact subgroup Ly such that 

(a) fy = 1g(c>,) and Ly = G{Oy) for all v ^ S, 

(b) forv e S - I4o, we have fy{uy)ipy{uy)duy 0 0, 

(c) and, for each v E S — Voo, we require that fy is right-invariant under Ly. 
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Then, we can find foo G C^{Goc) such that when we let f = foo ®v&Vf fv the following holds: 

(i) J^(^^;7)(P(/))(1) 7 ^ 0. In particular, P{f) is a non-zero element of L‘^{G{k)\G{K))^, 
where the open compact subgroup L is defined by L = Y\v£Vf ■ 

(ii) P(/)|goo 7^ 0 ts an element of L^iT^ \ Goo) where V^ is a congruence subgroup 
which corresponds to L from (i) (see 

(iii) fr^nUacWoc -^(/)(^oo)^co('Woo)<^'Woo 7^ 0. 

Proof. Since U{k) \ f/(A) is compact, there exists a compact set C C P(A) such that 
f/(A) = U{k)C. We explain how we can choose this set more precisely. First, by the 
strong approximation, we have 

U{Af) = U{k) {L n U{Af)). 

We consider the decomposition 

P(A) = Poo X UiAf), 

with U{k) diagonally embedded. Then, we dehne the continuous map 

Poo X (L n U{Af)) U{k) \ P(A) 

given by 

(^00 5 0 * ^ P {lG){u^,lfi 

By the strong approximation, this map is surjective and it induces a homeomorphism of 
topological spaces 

Tl n Poo \ Poo X (P n u{Af)) u{k) \ P(A). 

This implies that T^ fl Poo \ Poo is compact. In particular, we can select a compact set 
Goo C Poo such that 

Poo = P(fc)Goo. 

Hence, this implies that we can select a compact set 

(3-6) G = Goo X (P n P(A/)). 

in order to obtain P(A) = U{k)C. 

Since G(fc) is discrete in G(A) and the set (see fl3-6p i 

(3-7) J] supp(/„)xP[G(a) 

veS-Voo v^S 

compact, we have that the set G{k) fl P is hnite. We claim that 
(3-8) G{k)nD cU{k). 

Indeed, considering the projection to the hrst factor in fl3-7p . we hnd that 

G{k) n P c G-' 

when we consider G{k) as a subgroup of Goo- But G^j^^ C Poo- So that 

G{k) n P c G"^ n G{k) c Poo n G{k) = u{k). 
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This proves (l3-8p . Next, we can find an open set in Goo containing snch that 


G{k) n 



n supp(/^) X JjG'PC’/f) 
veS-Voo v^S 


G{k)nD. 


We select an open neighborhood Wo of identity in Goo snch that Voo - Go ^ C Wo- In particnlar, 


(3-9) G(Wn Wo-C'-'x J] snppiU) xI[G{Ok)\ =G{k)nDGU{k). 

\ v£S-V^ v^S / 

Next, we select /oo G G^(Goo) snch that snpp(/oo) C Wo, and 


(3 10) / /oo (^oo)t(’oo ('Woo)d'Uoo 7 ^ 0. 

JUoo 

This can be achieved by repairing that snpport of /oo is small enongh so that it is contained 
in the image of the restriction of exp to a small neighborhood of 0 G Qoo where that restriction 
is a diffeomorphism onto its image. Then, we can transfer statement (13-101) to the Lie algebra 
by writting the the Haar measnre on Uoo in local coordinates (it as differential form of top 
degree which never vanish). The obtained claim is easy to verify directly. 

Now, we are ready to prove (i). We compnte 

-7^(P,c/)(^(/))(l) = [ fh ■u)i/j{u)du. 

Ju(k)\U{A) ^(zG{k) 

We rednce above expression nsing the following observation: 

(3-11) /(y ■ u) ^ 0 , for some u G U{A) and 7 G G{k), implies 7 G U{k). 

Let ns prove fl3-lip . Using f/(A) = U{k)G, we can write u = 6c where 6 E U{k) and c E G. 
Since f{^-u) 7 ^ 0, we obtain 

7 ^ G G{k) n snpp(/) • G~^. 

The key observation is that the assnmptions (a) and (c) from the statement of the lemma 
as well as fl3-6p imply 

snpp(/) • G~^ = snpp(/oo) • x JJ snpp(W) x G{0^) 

v&S-Voo v^S 

Using this and snpp(/oo) C Wo, (13-91) implies that 

G{k) n supp(/) • G~^ C U{k). 

Which shows 7 ^ G U{k). Hence 7 G U{k). This proves (13-111) . 
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Using fl3-lip . (b) from the statement of the lemma, and fl3-10p . above integral becomes 




/ y] /(7 • u)'ip{u)du 

U{k)\U{A) 


'U{A) 


f {u)ip{u)du 


I /'oo(l^Oo)t/’oo(l^Oo)d'Uoo j I I / fvi^'^v')'4^vi^'^v')dUy ^ 0. 

Ju{kao) / v£S — Vao 


This implies (i) in view of the assumption (c). 

To prove (ii) and (iii), we recall that in ([22], Proposition 3.2) we prove that P(/)|goo 
is a compactly supported Poincare series on Goo for P/,. This shows that it belongs to 
L‘^(Tl \ Goo)- In order to complete the proofs of (ii) and (iii), we observe that (b) implies 
that each -ipy is invariant under n U{k^). This means that P{f)\u{Af) {®veVf'4’v) is right 
invariant under L r\U{Af). This enables us to apply ([22], Lemma 3.3): 


:^»,i/)(A/))(i) = vohiA,) (L n £;(A,)) • 
In view of (i), this proves (ii) and (iii). 


'rLn!7oc\Go< 


W)( ^CXD ) V^oo (^oo) c 


□ 


4. Local Generic Representations 

In this section we discuss local generic representation. We drop index n, and let A; be a 
non-Archimedean local field. We assume that G is a semisimple group defined over k. We 
write G for G{k) in order to simplify notation. Similarly, we do for subgroups of G. The 
goal of this section is to explain how to construct functions satisfying Lemma 13-51 (b) using 
theory of Bernstein [3]. The reader may also want to consult ([22], Section 5). In the present 
section we rehne some of the results proved there for our particular application. 

We introduce some notation following standard references [1] and [S]. We consider the 
category of all smooth complex representations of G. For a smooth representation vr, we 
denote T the smooth dual of vr. We call it a contragredient representation. 

Let P be a parabolic subgroup of G given by a Levi decomposition P = MUp, where 
M is a Levi factor and Up is the unipotent radical of P. If a is a smooth representation 
of M extended trivially across Up to a representation of P, then we denote the normalized 
induction by Indp(cr). If tt is a smooth representation of G, then we denote by JacqQ{7r) a 
normalized Jacquet module of vr with respect to P. When restricted to Up, Jacq^in) is a 
direct sum of (possibly inhnitely many) copies of a trivial representation. Therefore, when 
M is fixed, we write JacqQ^n) = Jacq^^n). Let | | be an absolute value on k. Let be 
the subgroup of M given as the intersection of the kernels of all characters m i—)■ |x(n7.)|, 
where y ranges over the group of all fc-rational algebraic characters M ^ k^. We say that 
a character y : M ^ is unramified if it is trivial on M°. We say that an irreducible 
representation p of M is supercuspidal if Jacq^jip) = 0 for all proper parabolic subgroups 
Q of M. 
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We recall Bernstein’s decomposition of the category of smooth complex representations 
of G |3]. On the set of pairs {M,p), where M is a Levi subgroup of G and p is a smooth 
irreducible supercuspidal representation of M, we introduce the relation of equivalence as 
follows: {M,p) and {M',p') are equivalent if we can hnd g & G and an unramihed character 
X of M' such that M' = gMg~^ and p' ~ XP^ i-®-) 

p^{m') = x{m')p{g~^'m'g), 'm' £ M'. 

We write [M,p] for the Bernstein’s equivalence class associated to a pair {M,p). We say 
that a class [M, p] is supercuspidal if M = G. The contragredient Bernstein’s class DJi of the 
class DJI = [M, p] is the class [M, p\ 

Let V he a. smooth complex representations of G. Let 

V(.IM,P]) 

be the largest smooth submodule of V such that every irreducible subquotient of Id is a 
subquotient of Indp(xp), for some unramihed character y of M. Here P is an arbitrary 
parabolic subgroup of G containing M as a Levi subgroup. The fundamental result of 
Bernstein is the following decomposition: 

1 / = ®nvm, 

where DJI ranges over all Bernstein equivalence classes. 

We say that a smooth representation vr of G belongs to the class [M, p] if the following 
holds: 

7r([M,p]) = TT. 

It is obvious that any non-zero subquotient of vr belongs to the same class. It is well-known 
each irreducible representation vr belongs to a unique Bernstein’s class. 

Now, we apply this theory to study generic representations. We consider the following very 
general set-up. Later in the section we give examples. Let U be any unipotent fc-subgroup 
of G and let y : G —> be a character. Since G is a union of open compact subgroups, 

y is unitary. For the same reason, G is unimodular. We form the two types of induced 
representations (see (laia): 

1) Indp(y) on the space of all functions / : G —> C satisfying f{ug) = y(M)/(5'), for all 
g E G, u E U, and there exists an open-compact subgroup L such that f{gl) = f{g), for all 
g E G, I E L. 

2) c-Indp(y) on the space of all functions / E Indp(y) which are compactly supported 
modulo G. 

The contragredient of the representation c-Ind^(y) is Ind^(y). The canonical pairing 

c-Ind^(y) X Ind^(y) —^ C 

(/, F)= [ f{g)F{g)dg. 

Ju\G 


is given by 
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Let TT be a smooth representation of G. Let V be the space on which tt acts. Let V {U, x) 
to be the span of all vectors 7i{u)v — x{u)v, v E V. Put ru^x^V) = V/V{U,x)- If is the 
largest quotient of V on which U acts as x- The assignment V ha rjj^^iy) can be considered 
as a functor from the category of smooth G-representations to the category of smooth U- 
representations. Since U is the union of open compact subgroups, the functor is exact (i, 
Proposition 2.3.5). The following definition is standard. Let tt be a smooth representation 
of G. We say that tt is (y, 17)-generic if 

Home (tt, Ind^(x)) ^ 0. 

By Frobenius reciprocity, this is equivalent to 

^ 0 . 


Definition 4-1. Let VJl he a Bernstein’s class. We say that Tt is {XiU)-generic if there 
exists an irreducible representation in this class which is (y, U)-generic. 

In the settings of Definition 14-11 we have the following simple result: 

Lemma 4-2. Let Tt be a Bernstein’s class. Then we have the following: 

(i) If c-Ind^{x){^) 7 ^ 0 , then Ind^(x)(im) 7 ^ 0 . 

(ii) If the class Tl is (y, Lf)-generic, then Ind^(y)(9Jt) 7 ^ 0. 

(hi) The class Tt is {x,U)-generic if and only if lnd^{x)iTt) has an irreducible subrep¬ 
resentation, or, equivalently, c-Ind^{x){Tt) has an irreducible quotient. 

(iv) If supercuspidal representation p is {x,U)-generic, then c-/nd^(y)([G, p]) 7 ^ 0, and 
c-/nd^(y)([G,^)^ 0 . 

(v) Conversely, z/Ind^(y)([G, p]) 7 ^ 0, where p is a supercuspidal representation, then p 
is (y, U)-generic. 

Proof. The claims (i) and (ii), and the first claim in (iii) are obvious. For the second claim 
in (iii), we note that if vr is an admissible representation, then 

vr ~ TT. 


So, since 

(c-Ind^(y))~ ~ Indg(y), 

we obtain 

Home (vr, Ind^(y)) ~ Home (n, (c-Inde(y))~) ^ Home (c-Inde(y), T) . 

From this observation, the second claim easily follows. Let us prove (iv). By our assumption 

Home (p, Ind^(y)) ^ 0. 

By computation in (iii), this implies that 

(4-3) Home (c-Ind^(y), p) 7 ^ 0. 
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Since the group G has hnite center (being semisimple), p is a projective object in the category 
of all smooth representations of G. Thus, fl4-3p implies 

(4-4) Home (p, c-Ind^(x)) 7 ^ 0. 

This implies that 

c-Indg(x)([G',^) ^ 0. 

Next, obviously fl4-4p implies 

(4-5) Home (p, Ind^(x)) ^ 0. 

So again, by the proof of (iii), we obtain from fl4-5p the following 

Home (c-Ind^(x), p) ~ Home (^c-Ind^(x), p) ^ 0 . 

Thus, dually applying the projectivity argument one more time, we obtain 

Home (p, Ind^(x)) ^ 0 . 

This completes the proof of (iv). The claim (v) follows from the fact that p is projective 
object in the category of smooth representations of G. □ 

In the case of usual x-generic representations (see the text after the proof of Lemma 14-61 
below), part (iv) has been proved earlier by Casselman and Shalika (|9], Corollary 6.5). 

Now, we use Bernstein’s theory to show existence of certain types of functions with non¬ 
vanishing Fourier coefficients. This will be crucial in Section |5] for global applications. 

Let / G G'^{G). Then, we dehne a Fourier coefficient of / along U with respect to y as 
follows: 

J^{x,u){f){g) = / f{ug)xiu)du, g eG. 

Ju 

Clearly 

^ c-Indg(x). 

Lemma 4-6. Let ^ be a Bernstein’s class which satisfies c-/nd^(x)(9T) 7 ^ 0. (By Bernstein 
theory there exists at least one such class.) Then, considering G'fi’iG) as a smooth mod¬ 
ule under right translations, there exists f E G)°(G)(9l) such that the Fourier coefficient 
d'(x,u){f) is not identically egual to zero. 

Proof. We observe the following simple fact. If V and W are smooth representations such 
that IT is a quotient of V. Then, for any Bernstein’s class DI, W(fifl) is a quotient of T(Tl). 
This follows immediately from the facts that V and IF can be decomposed into a direct sum 
of modules F(Tt) and W(fJl), and F(DT) is mapped into IF(Tl). 

Next, it is the standard fact that the map Gf°{G) —> c-Ind^(x) given by / 1 —> ffix,u)(f) 
is surjective intertwining operator of right regular representations. This clearly implies the 
surjectivite map 

cr(G)(9i) ^ c-indE;(x)('n) 

for any Bernstein’s class DT. The lemma follows. □ 
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Now, we list some examples for above theory. First of all, there are various trivial cases 
such as the case = {1} and y is trivial, or the case U = Up and x is trivial, for some 
proper parabolic subgroup of G. The reader may want to compute generic representations 
in both cases as an easy exercise. 

For global applications (see [28]), one instance of Lemma [4-61 of the greatest importance. 
Assume that G is quasi-split over k. Let B = TUp be a Borel subgroups defined over k given 
by its Levi decomposition, T is a torus and Up is unipotent radical both defined over k. We 
lei U = Up and assume that y is generic in the sense that y is not trivial when restricted 
to any root subgroup Ua, where a is a simple root corresponding to the choice of B. It is 
a fundamental result of Rodier |2S1 12S] that dimrf/^^(7r) < 1. Moreover, if P = MUp is a 
standard parabolic subgroup of G (i.e., B <Z P, T G M a. standard choice for Levi subgroup; 
the details can be found in (0. page 208)) and a is a an admissible representation of M, 
then we have an isomorphism of vector spaces jQ] |25l |26] 

rf/,x(lndp((T)) ~ rf/nM,x'(<^), 
where y' is again a generic character defined by 
(4-7) x{u) = x{w~^uw), u e U 0 M. 

The element w is any element of Ac (A), where A is a split component in the center of M, 
which satisfies that the quotient P \ PwB is unique open double coset in P \ G. As it is more 
usual, in this case we speak of y-generic representations and y-generic Bernstein classes. In 
this case, above discussion implies the following standard lemma which proof we leave to a 
reader as an exercise. 

Lemma 4-8. Assume that G is quasi-split over k. The class is x^g^neric if and only if 
for a representative (M, p) of Tl which is taken among the set of standard Levi subgroups we 
have that p is x'^g^neric. 

We end this section by the following local result which we prove using global methods 
from the next section. 

Theorem 4-9. Assume that G is quasi-split over k. Let y a generic character ofU = Up. 
Let DJI be any Bernstein’s class such that c-Ind^{x){DJl) ^ 0. Then, the class DJI is x^ge-neric. 

Proof. Let us make some preliminary reductions to the proof. Let us £x a generic character 
yo of P = Up. Let k be the algebraic closure of k. Then, as indicated in (|2H], Section 3), 
for each generic character y of P there exists an element a G A{k), where A is a maximal 
split /c-torus in T such that the following holds: 

• the map g i—)■ a~^ga is a continuous automorphism of G = G{k), 

• a~^Ua = P, 

• x('w) = Xo{ci~^ua), for all u E U, 

• it hxes the set of standard parabolic subgroups of G and their standard Levi snb- 
groups (with respect to the choice of B and A) 

• it permutes the set of supercuspidal representations and the set of unramified charac¬ 
ters of each standard Levi subgroup M\ p°‘{m) = p{a~^ma), and y“(m) = y(a“^ma), 
m E M 
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• the map vr i —> 7r“ permutes irreducible representations 

• if TT is Xo^generic, then 7r“ is x^generic 

• if TT is a subquotient of Indp(xp), then 7r“ is a subquotient of Indp(x“p“)- 

These facts show that it is enough to establish the theorem for some convenient character 
X- We complete the proof using Corollary 15-81 Lemma 14-101 and the fact that when G is 
split then there exist generic supercuspidal representations of G (see Proposition 16-111 for 
the case of simple groups). □ 


Lemma 4-10. Let H be a reductive group defined over a number field K. Then there exists 
infinitely many places v of K such that H is split over K^. 

Proof. There exists a hnite Galois extension K <Z L such that H splits over L i.e., H has a 
maximal torus dehned over L and split over L. On the other hand, by Chebotarev density 
theorem, there exists a set of hnite primes u of iP of positive density which are split in the 
sense of algebraic number theory with respect to extension K (Z L. For such v and a hnite 
place w\v of L, we have Ky = Ly,. Since H is obviously split over Ly, (being split over L), 
H is split over Ky. □ 

5. Main Global Theorems 

In this section we return to the global settings of Section [31 Let K = K^o x n^ueU/ 
a maximal compact subgroup of G(A), where Ky = G{Oy) for almost all v. By Theorem 
l2-5[ Llygp{G{k) \ G{A)) can be decomposed into a Hilbert direct sum of irreducible unitary 
representations of G(A) each occurring with a hnite multiplicity. Then, the same is true for 
any closed subrepresentation of L^„^p(G(/c) \ G(A)). 

Let if be an irreducible subrepresentation of L^„^p(G(fc) \ G(A)). On the space Hk of 
/L-hnite vectors we have an irreducible representation tt of (0oo, A"oo) x G{Af), where 0oo is 
a real Lie algebra of Goo- In fact, tt is an irreducible subspace of the space of all cuspidal 
automorphic forms Acusp{G{k) \ G{A)) and it is dense in if (see i)- The representation tt 
is a restricted tensor product of local representations: vr ~ tToo '^v, where for almost all 
V & Vf the representation is unramihed. 

Let G be a unipotent fc-subgroup of G. Let : U{k) \ U{A) —> be a (unitary) 

character. We dehne a closed subrepresentation (see Section [3]) 

^cusp^ (ip, ?7)-degenerate {G{k) \ G{A)) = Ll,^{G{k) \ G(A)) 0 L 

{ip, f/)—degenerate iG{k)\G{A)) 

Let if be an irreducible closed subrepresentation of Llygp{G{k) \ G{A)) such that 

^ ^cusp, (p, !7)-degenerate \ G(A)). 

Then we say that it is (-0, G)-generic. 

We have the following standard result: 

Lemma 5-1. LetiL be an irreducible subrepresentation o/L^„^p(G(/c)\G(A)) which is (0, U)- 
generic. Then, for every v G Vf, the representation is {fiy, U{ky))-generic. 
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Proof. Let A : t C be a linear functional defined by 

(p \—= / ip{u)f){u)du. 

Juik)\U(A) 

We show that A is non-zero. Assuming this for a moment, we complete the proof of the 
lemma. Let us £x a hnite place v. Then, for u G U^k.^) and ip G Hk, we have the following: 

A {Tr{uy)(p) = / n{uv)p>{u)'ip{u)du = / (p{uuij)ip{u)du = 'ipv{uv)K {(p). 

Ju{k)\U{A) Ju{k)\U{A) 

This means that Hk is (-0^, 17(/c^))-generic considered as a smooth -represent at ion. 

But this representation is a direct sum of possibly inhnitely many copies of tt^. This means 
that 7iy is ( 0 ^, 17(fc^))-generic. 

It remains to show that A 7 ^ 0. If not, we have 

•^(p,!/) ( 9 ^) (1) 0 

for all (p G Hr- Since U-k is ( 0 oo, A'oo) x G(A/)-invariant, writing 

G{A) = Goo X G{Af), 

we conclude that 

CXD ^ 

-^(P,f/)(‘d)(^ooexp {X),gf) = ^—X”.J'(^_c/)((p)(fcoo,^/) = 0, 

n=0 

for any g G G(A/), koo G Koo, and for X in a neighborhood of 0 (depending on koo) in goo- 
This means that there exists an open set V C Goo which meets all connected components 
(in usual metric topology) of Goo such that 

X(^,u){p) = 0 on 1/ X G{Af). 

This implies that 

X(^,u){p) = 0 on G(A) 

since is real-analytic in the hrst variable being an integral over a compact set of 

(p which is obviously real analytic function in the hrst variable. 

Thus, we conclude that X(^p^u) = 0 on the dense subset of il. Let now (p G if. Then, 
using the discussion at beginning of Section |3] (see 03-41) ). we conclude that {ip, rj) = 0 for all 
g described there. From this, applying again 03-4p . we conclude that -F(p,{/)((p) = 0. Since 
(p G il is arbitrary, we conclude that il is not (0, t/)-generic. □ 

Now, we state and prove the main technical result of the present section. 

Lemma 5-2. Assume that G is a semisimple algebraic group defined over a number field 
k. Let U be an unipotent k-subgroup of G. Let -0 : U{k) \ U{A) —> be a (unitary) 

character. Let S be a finite set of places, containing VA,, large enough such that G and -0 are 
unramified for v ^ S (in particular, fjy is trivial on Lf{Oy)). For each finite place n G S', let 
VJty be a Bernstein’s class such that c-/nd^|^“|('0„)(OJt^) 7 ^ 0. Assume the following property.■ 
if P is a k-parabolic subgroup of G such that a Levi subgroup of P{ky) contains a conjugate 
of a Levi subgroup defining fhti, for all finite v in S, then P = G. Then, there exists an 
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irreducible subspace in \ G{A)) which is -generic such that its K-finite 

vectors tToo ®v&Vf '^v satisfy the following: 

(i) 7r„ is unramified for v ^ S. 

(ii) TTy belongs to the class OJlt, for all finite v G S. 

(iii) 7r„ is [fjy, U{ky)) -generic for all finite v. 

In particular, for each finite v E S, the class is {fjy, U{ky)) -generic. 


Before we start the proof we make some preliminary remarks. If f/ = {1} and x = 1; then 
Lemma [5-21 is jnst ([22], Theorem 1.1). On the other hand, assnming that x is trivial and U 
is a nnipotent radical of a proper /c-parabolic snbgronp Q of G, onr assnmptions on Tly (for 
hnite v E S) means that there exists a non-zero fnnction fy E Gf°{G{ky))(JMy) snch that 



fvid^vQy^dUy 0 


for some Qy. Then, ([22], Lemma 5.1) implies that a conjngate of a Levi snbgronp defining 
fDti, is contained in a Levi snbgronp of Q{ky). Since this holds for all v E S, we would get 
Q = G which is not possible. So, in this case, as it should be, the theorem does not give 
anything. 


Proof of Lemma \5-^ As in Lemma 13^ we let fy = 1g(ci„) for ah v ^ S. For finite v E S, 
applying Lemma 0^ we select / E Gf°{G{ky))(fMy) such that 



We select open compact subgroups Ly {v E Vf) as required in Lemma 13^ Then, by Lemma 
13-51 there exists foo G C'^(Goo) such that letting f = foo ®v€Vf fv we have 


Thus, P{f) is a non-zero element of L‘^{G{k) \ G(A)). To show its cuspidality we use our 
assumption: if P is a fc-parabolic subgroup of G such that a Levi subgroup of P{ky) contains 
a conjugate of a Levi subgroup defining DJly for all finite v in S, then P = G, and apply 
f[22]. Proposition 5.3). Thus, we obtain 


P{f)ELl,^{G{k)\G{A)). 

Let QJ be a closed subspace of Ll^^p{G{k)\G{A)) generated by P(/). It can be decomposed 
into a direct sum of irreducible unitary representations of G{A) each occurring with a finite 
multiplicity: 

T1 = ©jifj, each ilj is closed and irreducible. 

Let us write according to this decomposition 

(5-3) P(/) = ^V'i, eii,. 

3 
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Since P{f) generates 2J, we must have 


tjjj 0, for all j. 


Also, since 

Pif)^ ^cusp, (■?/?, t/)—degenerate {G{k)\G{A)), 

there exists an index i such that we have 


ih pQusp, (-(/), [/)-degenerate (^(^) \^('^))‘ 

From now on, we use arguments similar to those used in the proof of ([22], Theorem 7.2). 
We just outline the argument. It follows from fl5-3p that the following inner product is not 
zero: 

(5-4) [ P{f){g)pi{g)dg = [ \^pi{g)\‘^dg > 0. 

JG{k)\G{A) JGik)\G{A) 

Since the space of cusp forms is dense in it we can assume that pi is a cusp form in above 
inequality. In particular, this means that 

(5-5) PieG°^{G{k)\G[K)). 

The integral on the left-hand side in fl5-4p can be written as follows: 


(5-6) 


'G(A) 


f{9)M9)d9 = 


'G{k)\G{A) 


P{f){9)i^i{9)d9 > 0 . 


Next, as it is well-known in the unitary theory, the space if* consisting of all p, p & ilj, is 
a contragredient representation of it,. Next, fl5-5p and fl5-6p tell us that / acts non-trivially 
on if,-. If we write 


then 


and 


(U()a — T 

mK = z 


oo 


oo '^veVf 


7r^(/oo) ®veVf Kifv) ^ 0- 

In particular, for each hnite place v, we have 

(5-7) t;(/„) ^ 0. 

Since, = 1g(C)„), for all v p. S, (15-71) implies that T® and hence tt* are unramified. Also, 
since for hnite n G S', / G Cj^(G(/c„))(lHi,), (l5-7p and ([22], Lemma 5.2 (ii)) imply that T® 
belongs to the class Hence, tt® belongs to the class Thus, if we let if = if,, then (i) 

and (ii) hold. Finally, (hi) holds by Lemma [5-11 □ 


The following result we need in the proof of Theorem 14-91 
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Corollary 5-8. Assume that G is a semisimple quasisplit algebraic group defined over a 
number field k. Let U be the unipotent radical of a Borel subgroup defined over k. Let 
■. U{k)\ U{A) —y be a nondegenerate character. Assume that Vq is a finite place of 

k such that G is unramified over and such that there exists a ip^^-generic supercuspidal 
representation of G{k.uo)- Then, for any other finite place v, any Bernstein’s class which 
satisfies 7 ^ 0 is fiy-generic. 

Proof. This corollary is a direct consequence of Lemma [5-21 We just need to select S large 
enough such that it contains both v and Vq. For each hnite place w E S, w ^ v,Vo, let 
be a Bernstein’s class such that 7 ^ 0 (at least one such class exists by 

Bernstein’s theory since c-Ind^|^“|('^^) 7 ^ 0). □ 

The following theorem is the main result of the present section and the paper: 

Theorem 5-9. Assume that G is a semisimple algebraic group defined over a number field 
k. Let U be a unipotent k-subgroup. Let V’ : U{k) \ U{A) —> be a (unitary) character. 
Let S be a finite set of places, containing Voo, large enough such that G and are unramified 
for V ^ S (in particular, fiy is trivial on U{Oy)). For each finite place v E S, let Wly be 
a {'fiv,U{ky))- generic Bernstein’s class such that the following holds: if P is a k-parabolic 
subgroup of G such that a Levi subgroup of P{ky) contains a conjugate of a Levi subgroup 
defining Tly for all finite v in S, then P = G. Then, there exists an irreducible subspace in 
Llusp{G{k) \ G{A)) which is {fi, U)-generic such that its K-finite vectors tToo ®v&Vf '^v satisfy 
the following: 

(i) TTy is unramified for v ^ S. 

(ii) TTy belongs to the class VLty for all finite v E S. 

(hi) TTy is {fijy, Lf {ky))-generic for all finite v. 

Proof. By Lemma 021 (hi), for each finite v E S, the class iMy satisfies c-Ind^|^”|('^^)(9Jl^) 7 ^ 
0. Thus, by Lemma 1521 there exists an irreducible subspace il in L^^^p(G(/c) \ G(A)) which 
is 17)-generic such that its iF-£nite vectors poo ®veVf Pv satisfy the following: 

(a) py is unramihed for v ^ S. 

(b) Py belongs to the class ‘TRy for all finite v E S. 

(c) py is {fiy, 17(/Ct,))-generic for all finite v. 

The contragredient representation of il can be realized on the space of all functions Tp where 
if ranges over il. Then, by conjugating the Fourier coefficient of il, we see that the con¬ 
tragredient is (-0, f/)-generic. Thus, if we let tToo = Poo and Tiy = py, for v E Vj, then we 
get (i) and (ii) from (a) and (b), respectively. Finally, (hi) follows from Lemma 15-11 since 
contragredient is {fi, f/)-generic. □ 


The following corollary of Theorem 15-91 is a generalization of similar results of Henniart, 
Shahidi, and Vigneras ([I3], [30], [28], Proposition 5.1). They considered the case of generic 
cusp forms having only supercuspidal representations as ramified local components. Those 
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forms have non-trivial Fourier coefficients with respect to {'ip, U) where B = TU is a Borel 
subgroup dehned over fc (T is a maximal torus, U is the unipotent radical, both dehned over 
k) of G assumed to be quasi-split, and 'ijj is generic in the sense that it is not trivial when 
restricted to any root subgroup t/a(A), where a is a simple root corresponding to the choice 
of -B. As usual we call such cuspidal forms -^-generic cuspidal forms. 

Corollary 5-10. Assume that G is a semisimple quasisplit algebraic group defined over a 
number field k. Let U be the unipotent radical of a Borel subgroup defined over k. Let 
fj : U{k)\ 17(A) —> be a nondegenerate character. Let S be a finite set of places, 

containing Voo, large enough such that G and are unramified for v ^ S (in particular, 
fjy is trivial on Lf{Ofi)). For each finite place v & S, let [My,py] be a Bernstein’s class 
such that My is a standard Levi subgroup of G{kfi) and is a fj(-generic supercuspidal 
representation of My (see the paragraph containing ( (7-7| ) in Section^for notation). Assume 
that the following holds: if P is a k-parabolic subgroup of G such that a Levi subgroup of 
P{ky) contains a conjugate of My for all finite u G S', then P = G. Then, there exists an 
irreducible subspace in L(.y,.p{G{k) \ G{A)) which is fi-generic such that its K-finite vectors 
TToo ’^veVf M satisfy the following: 

(i) Tiy is unramified for v ^ S. 

(ii) 7iy belongs to the class [My,py] for all finite u G S'. 

(hi) 7iy is fiy-generic for all finite v. 

6. Genericness of the representations of [IT] 

Suppose ky is a p-adic held with ring of integers TZy. Let G be a split simple algebraic 
group dehned over TZy. As in ([IT], §3.2), set 

9 := G{ky ), and K. := G{TZy) a maximal compact subgroup of 9- 

If L C G is a subgroup dehned over TZy, let Ly = L{ky) be the group of fcy-rational points. 
Let B be a Borel subgroup dehned over TZy. 

Let B(9) be the Bruhat-Tits building of 9- Let xx. G B(9) be the point hxed by /C. The 
Borel subgroup B then determines an Iwahori subgroup X C /C. Let G = B(9)^ be the hxed 
points of the Iwahori subgroup X. It is an alcove in B(9)- 

Take a maximally split torus A <Z B dehned over TZy so that G is contained in the 
apartment A{Ay) associated to Ay. Let <F = <F(G, A) and = <l>+(i?,A) be the root 
system of A and positive root system with respect to G and B. 

For a G <F, let Ua P G denote the corresponding root group. We have 

(6-1) U{ky) = HUaiky). 

aG<I>+ 

Let F = Z 7 o C Q be the additive subgroup so that the affine roots have the form a + p 
with a G <h and p E T. Let Ua+rj be the subgroup of Ua{ky) associated to the affine root 
a + p. 
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Let A and be the simple roots and simple affine roots of A{A^) with respect to the 
Borel and Iwahori subgroups B and I respectively. We recall that every a G A is the 
gradient part of a unique root 'ip G A®"®. In this way, we view A as a subset of A*^®. 

Let G be the highest root, and let —{3 + 70 (70 > 0) be the simple affine root. Let i 
be the height of (3 and take Xq G (7 to be the point satisfying 

(6-2) V a G A C A^® : a(xo) = -/3(xo)-F7o = 

For j > 0 an integer, set: 


(6-3) 

So, 

(6-4) 


■/ _ ■ I / To \ 


V a G A : {oi + 3 ) (a^o) = 3 + 

and ( -/3 + 7o + j ) (a^o) = j + 


7o 

'+1 ’ 
7o 


+ 1 


Let denote the affine roots. We consider the Moy-Prasad groups 

(6-5) SxqJ' (^i’)i U-ij} and Sa:o,(y)+ Utii 

p) G pj G d)"^® 

^( to ) > f pjixo) > j' 

dehned in [TH [19] , and 


(6-6) the quotient group 9xo,j'/3xo,(j')+ is canonically Y\_ ^i3’+j)/^i3’+j+) ■ 

As in ([Hj, §3.2), let y be a character of the quotient 9xo,j'/9xo,{j')+ which is non-degenerate 
in the sense that under the canonical isomorphism of (16-611 . y is non-trivial on each of the 
groups f/(.i/,+j)/t/( 7 +j+). Then, the proof of Lemma 3-19 in ([Ej, §3.2) generalizes to show 
the following Lemma: 

Lemma 6-7. Let x be a non-degenerate character of 9xo,j'/9xo,j+- Then, 

(i) The inflation of x to Sxof, when extended to S by zero outside Sxoj', is a cusp form 

ofS- 

(ii) For each j > 0, there exists an irreducible supercuspidal representation (p, W) which 
has a non-zero Sxo,ij')+invariant vector but no non-zero 9xo,f invariant vector. 

We show the irreducible supercuspidal representations arising from the cusp form y are 
generic for a suitable (non-degenerate) character of the unipotent radical 17(/c^) of B{kf). 

Recall the cusp form y satishes the following: For a G A (positive simple roots), the 
restriction of the character y to Ua+j factors to a non-trivial character of Ua+j/Ua+j+- Let 
^ be a character of U{kv) so that: 
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(6-8) equals x\u^+j ■ 

Clearly, is a non-degenerate character of the unipotent group U{kv). 

Recall for / G the Fourier coefficient of / along U{kv) with respect to ^ is the 

function on G dehned as: 


(6-9) r(tu(k.)){f)(s) ■■= 

The coefficient J^{^,u{K)){f) lies the space: 



f{ug)i{u)du . 


( 6 - 10 ) 


c-Ind 


G{K) 

U{K) 


( 0 - 


Proposition 6-11. Consider the cusp form x defined in Lemma fl6-7p . and f a character of 
U{ky) satisfying fl6-8l) . Then, the Fourier coefficient satisfies, J^(^,uik„)){x){^) ^s 

non-zero. 


Proof. 


( 6 - 12 ) 


-^(£,Cf(i.))(\')(l) = / x('“) (G) = 


1 du 


'f/ns. 


ffing 




= meas(17 n S^ojO 

In particular, the Fourier coefficient function J^{^,u{k„)){x) is a non-zero function. 


□ 


Let If, be the G(/i;t,)-subrepresent at ion of C“(G(/c„)) consisting of the right translates of 
y. It is a hnite length supercuspidal representation of G{kf), and 

(6-13) : n ^ C-Ind9;‘)>(0 

is a G'(/c^)-map. Let 03 be the hnite number of Bernstein components which appear in If. 
The Bernstein projection of If to itself according to the components in 03. Similarly, let 
c-Ind^(^)(03) be the Bernstein projection of c-Ind^(^)(fB) to the 03 components. Then 

(6-14) : n ^ c-Ind=<‘;>(0(!B) , 

and the non-zero Fourier coefficient function J^(^^u(k„)){x) belongs to c-Ind[)|^”|(^)(03). 
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7. A Relation to ra 

In this section we combine the results of current paper with the results of our previous 
paper ini in order to prove the existence of generic cuspidal forms on a simply connected 
absolutely almost simple algebraic group G defined over Q such that Goo = G(M) is not 
compact. We remind the reader that these are the assumptions of HZ]. Examples of such 
groups are split Chevalley groups such as SL{n), Sp{n), or split G 2 - In this section we let 
k = Q. 

For each prime p, let Zp denote the p-adic integers inside Qp. Recall that for almost all 
primes p, the group G is unramihed over Qp. Thus, G is a group scheme over Zp, and G(Zp) 
is a hyperspecial maximal compact subgroup of G(Qp) ([31], 3.9.1). 

As in Section [3l we let R be a unipotent Q-subgroup of G. Let : U{Q) \ U{A) —> 
be a (unitary) character. 

As in (ini. Assumptions 1-3) we consider a finite family of open compact subgroups 
but which satisfy more restrictive properties. We consider a finite family of open compact 
subgroups 

(7-1) F={L} 

satisfying the following assumptions: 

Assumptions 7-2. 

(i) Under the partial ordering of inclusion there exists a subgroup Lmin G that is a 
subgroup of all the others. 

(ii) The groups L E if are factorizable, i.e., L = Y[L„ and for all but finitely many p’s, 

p 

the group Lp is the maximal compact subgroup G{’Lp). 

(hi) There exists a non-empty finite set of primes T such that for p G T the group G(Qp) 
has a local cusp form fp G G“(G(Qp)) which satisfies the following conditions: 

(a) fp is Lmin,pAnvariant on the right, and 

(b) Iu(Qp) fpiup)f^p{up)dup ^ 0. 

Moreover, we assume that for L ^ Lmin there exists p E T such that the integral 

Jxp fpi.9p^p^^^p 0 f^^ 9p ^ f^(Qp)’ 

(iv) f)p is trivial on U{Qp) fl Lmin,p for all p ^ T. 

The reader may want to compare these assumptions with (im. Assumptions 1-3). We 
remark that using results of Section[6]we can write down examples of families satisfying As¬ 
sumptions 17-21 in the ordinary generic case (see Introduction) by globalizing non-degenerate 
characters from that section. But this is very technical and we do not write down details 
here. Analogous result can be found in im. 

Let L C G{Kf) be an open compact subgroup. We define a congruence subgroup T^ of 
Goo using (l2-2p . We define L'l.^j^gpiV l\G co) to be the subset of LfifTiXGco) consisting of all 
measurable functions p G L‘^{Ti\Goo) such that 

/ T{ug) = 0, (a.e.) for g E Goo, 

Jup{V}nTL\Up(W) 
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where Up is the unipotent radical of any proper Q-parabolic subgroup P. 

Further, assume that L is factorizable L = Lp and that 'i/'p is trivial on Lp fl U{Qp) for 
all p. Then, is trivial on f/oo FlF p. We remind the reader that in the proof of Lemma [3-51 
we proved that Uoo Fl F^ \ U^o is compact. The basic considerations similar to those given 
at the beginning of Section [3] can be carried without difficulties. So, as in Section El for 
p G L'^(Tl\Goo), we define the (V’oo, t^oo)~Fourier coefficient 


•F'(i/icxD,noo)(5^00) / V^(^oo 5 ^oo)’ 0 oo(^ooldwoo) a.e. for G Goo- 

^r/oonri\Goo 

We say that p is (-^oo, Goo)-generic if 7^ 0 (a.e.). We define the closed Goo- 

invariant subspace i 7 oo)-degenerate(^^ \ Sectiou El As in Sectiou El we define 


L 


2 

cusp, ( 1 /) 


00 


C/00 )-degenerate 


(hi \ Goo) 


L 


2 

(poo, [/oo (-degenerate 


(hi \ Goo) 


nALp(rL\Goo). 


As before, we say that an irreducible closed subrepresentation in Ul^^piV l\Goo) is (V'oo, Uoo)~ 
generic if 


^ ^cusp, (poo, Goo)-degenerate(^L \ Gqo)- 

As in the proof of Lemma 15-11 we see that the functional from the space of cuspidal auto- 
morphic forms (i.e., the space of iFoo-finite vectors) in if given by 


(p I y I p^('Woo)V^oo(^oo)d'u 

00 

PGoonri\c/oo 

is not zero. 

After these preliminaries, we are ready to state and prove the main result of the present 
section. It is analogous to the main result of HZI. 


Theorem 7-3. Suppose G is a simply connected, absolutely almost simple algebraic group 
defined over Q, such that Goo is non-compact and P = {L} is a finite set of open compact 
subgroups of G{Af) satisfying assumptions fl7-2p . Then, the orthogonal complement of 

^luspi^LXGoo) 

L&F 

Lmin'^L 

in Lf^j^gpiVp^^f\G 00 ) contains an {fioo, Uoo)-generic irreducible (closed) subrepresentation. 

Proof. The proof of this theorem is similar to the proof of (ini. Theorem 1-4) but instead 
of (|22], Theorem 4-2), we use Lemma EzSl For p 0 T, we let fp = Ir^ninp- For p E T, we use 
the cusp form fp given by Assumption 17-21 (iii). 

Now, in view of our Assumptions 17-21 we see that all assumptions (a)-(c) of Lemma 13-51 
hold. As a consequence. Lemma EzSl asserts that there exists foo G G“(Goo), foo 7 ^ 0, such 
that if we let f = foo ®p fp, then the following holds: 

(7-4) f P{f){Uoo)fjoo{Uoo)dUoo 0. 

Next, as in the proof of Lemma [531 we see that P{f) is cuspidal. Hence, (|22], Proposition 
3.2) implies that F’(/)|goo is Fi-cuspidal. Thus, fl7-4p implies that F’(/)|g^ is a non-zero 
element of Ll,^,p(T \ Goo). 
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Next, as in (irzi. Lemmas 2-18, 2-19), we show that -P(/)|goo is orthogonal to l \ 

Goo) in Lmin \ ^oo) for all L G -F, L 7 ^ L^in- Thus, the closed Goofonvariant subspace 

U in Ll^spi^L^iu \ Goo) generated by P(/)|goo is non-trivial by fTFill . and consequently 
direct sum of irreducible unitary representations each appearing with hnite multiplicity m- 
Finally, using fl7-4p and arguing as in the proof of Lemma 15-21 we see that some of those 
representations must be (i/’oo, Goo)^generic. □ 

References 

[1] J. Arthur, The endoscopic classification of representations. Orthogonal and symplectic groups. 
American Mathematical Society Colloquium Publications, 61 . American Mathematical Society, 
Providence, RI, 2013. xviii+590 pp. ISBN: 978-0-8218-4990-3. 

[2] W. L. Baily, a. Borel, Compactification of arithmetic quotients of bounded symmetric domains, 
Annals of Math., Vol. 84 (1966), 442-528. 

[3] J. Bernstein, Draft of: Representations of p-adic groups (lectures at Harvard University, 1992, 
written by Karl E. Rumelhart) 

[4] J. Bernstein and A. V. Zelevinsky, Representations of the group GL(n,F), where F is a local 
non-Archimedean field (Russian), Uspehi Mat. Nauk 31 (1976), no. 3(189), 5-70. 

[5] I. N. Bernstein and A. V. Zelevinsky, Induced representations of reductive p-adic groups I, 
Ann. Sci. Ecole Norm Sup., 10 (1977), 441-472. 

[6] A. Borel, Introduction to automorphic forms (Proc. Sympos. Pure Math., Oregon State Univ., 
Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math. IX, Amer. Math. Soc., Providence, R.I. 
(1966), 199-210. 

[7] A. Borel, Automorphic forms on S'L 2 (R) (Cambridge Tracts in Mathematics), Cambridge Uni¬ 
versity Press (1997). 

[8] A. Borel, H. Jacquet, Automorphic forms and automorphic representations (Proc. Sympos. 
Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math. 
XXXIII, Amer. Math. Soc., Providence, R.I. (1979), 189-202. 

[9] W. Casselman, j. Shalika, The unramified principal series of p-adic groups II, the Whittaker 
functions, Compositio Math. 41 (1980), 207-231. 

[10] D. Ginzburg, S. Rallis, D. Soudry, On Fourier coefficients of automorphic forms of symplectic 
groups. Manuscripta Math. Ill (2003), no. 1, lV-16. 

[11] R. Godement, The spectral decomposition of cusp forms, (Proc. Sympos. Pure Math., Oregon 
State Univ., Corvallis, Ore., 1977), Part 3, Proc. Sympos. Pure Math. IX, Amer. Math. Soc., 
Providence, R.I. (1966), 225-234. 

[12] Harish-Chandra Notes by G. van Dijk, Harmonic Analysis on Reductive p-adic groups Springer 
Lecture Notes 162 . 

[13] G. Henniart, La conjecture de Langlands locale pour GL(Z), Memories de la Societe Mathematique 
de France (1984). 

[14] C. Khare, M. Larsen, G. Savin, Functoriality and the inverse Galois problem, Compositio 
Math. 144 (2008), 541-564. 

[15] J.-S. Li, Nonexistence of singular cusp forms, Compositio Math. 83 (1992), no. 1, 43-51. 

[16] E. Lindenstrauss, A. Venkatesh, Existence and WeyTs law for spherical cusps forms, Geom. and 
Fund. Analysis 17 (2007), 220-251. 

[17] A. Moy, G. Muic, On the Cusp Forms of Congruence Subgroups of an almost Simple Lie group, 
Math. Zeitschrift, accepted. 

[18] A. Moy, G. Prasad, Unrefined minimal K-types for p-adic groups, Inventiones Math. 116 (1994), 
393-404. 

[19] A. Moy, G. Prasad, Jacquet functors and unrefined minimal K-types, Comment. Math. Helv. 
71 (1996), 98-121. 








26 


ALLEN MOY AND GORAN MUIC 


[20] G. MuiC, On a Construction of Certain Classes of Cuspidal Automorphic Forms via Poincare 
Series, Math. Ann. 343, No.l (2009), 207-227. 

[21] G. MuiC, On the Cuspidal Modular Forms for the Fuchsian Groups of the First Kind, Journal of 
Number Theory Volume 130, Issue 7, July 2010, Pages 1488-1511 

[22] G. MuiC, Spectral Decomposition of Compactly Supported Poincare Series and Existence of Cusp 
Forms, Compositio Math. 146, No. 1 (2010) 1-20. 

[23] G. MuiC, On the Non-Vanishing of Certain Modular Forms , International J. of Number Theory 
Vol. 7, Issue 2 (2011) pp. 351-370. 

[24] G. MuiC, Fourier coefficients of automorphic forms and integrable discrete series, 
http://xxx.lanl.gOv/abs/1505.02263, 

[25] F. Rodier, Whittaker models for admissible representations , in Harmonic Analysis on Homogenous 
Spaces, Proc. Sympos. Pure Math., 26, Amer. Math. Soc., Providence, R.l. (1973), 425-430. 

[26] F. Rodier, Modeles de Whittaker des representations admisssibles des groupes reductifs p-adiques 
quasi-deployes, http://iml.univ-mrs.fr/~rodier/Whittaker.pdf, 

[27] F. Shahidi, On the Ramanujan conjecture and finitness of poles for certain L-functions, Ann. of 
Math. 127 (1988), 547-584. 

[28] F. Shahidi, A proof of Langlands conjecture on Plancherel measures; complementary series for 
p-adic groups. Annals of Math. 132 (1990), 273-330. 

[29] D. SOUDRY, Automorphic descent: an outgrowth from Piatetski-Shapiro’s vision. Automorphic 
forms and related geometry: assessing the legacy of I. I. Piatetski-Shapiro, 407V432, Contemp. 
Math., 614, Amer. Math. Soc., Providence, Rl, 2014 

[30] M.-F. ViGNERAS, Correspondances entre representations automorphe de GL{2) sur une extension 
quadratique de GSp(V) sur Q, conjecture locale de Langlands pour GSp{4), Contempt. Math 53 
(1986), 463-527. 

[31] J. Tits, Reductive groups over local fields. Automorphic forms, representations and L-functions, 
Proc. Sympos. Pure Math. XXXIII, Amer. Math. Soc., Providence, R.l (1979), 29-69. 

Department of Mathematics, The Hong-Kong University of Science and Technology, 
Clear Water Bay, Hong Kong 
E-mail address: amoy@ust.hk 

Department of Mathematics, University of Zagreb, Bijenicka 30, 10000 Zagreb, Croatia 
E-mail address: gmuic@math.hr 




